
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



WIENER'S THEORY OF DISPLACEMENTS, WITH AN APPLICA- 
TION TO THE PROOF OF FOUR THEOREMS OF CHASLES.* 

By Abthur Sullivan Gale. 

The foundations of the theory of finite displacements in space were laid 
by Chasles in a series of papers published in 1860-61. Of particular interest 
and importance are the theorems! relating to the displacement of a right line 
and plane figure which form the basis of an important paper by Study .$ 
From these theorems Study derives a variety of others including the resolution 
of any displacement into the product of two involutory displacements given 
by Wiener. § It is the object of this paper to give some account of Wiener's 
work in the theory of displacements, and to apply his methods to the proof 
of the four theorems of Chasles forming the basis of Study's paper. Study re- 
marks|| that this application can be readily made. 

1. Wiener's Theory of Displacements. In Wiener's work the 
fundamental displacement is a reflection in a line ( Umwendung) , which consists 
of a rotation through ir or an orthogonal reflection in the axis of the rotation. 
A reflection in a line t is denoted by the symbol (<) . The most important prop- 
erty of a reflection in a line is that it is involutory, that is, if performed twice 
it gives the identical transformation. Other important involutory transfor- 
mations are a reflection in a plane and a reflection in a point; the first is such 
that the chord joining any pair of corresponding points is perpendicular at its 
middle point to a given plane ; the second is such that the middle point of the 
chord joining any pair of corresponding points is a given point These are 
both special cases of the general symmetry transformation ( Umlegung) which 
transforms a given configuration into any second configuration whose parts are 
equal to those of the first but are arranged in the opposite order. 

* This paper was read before the American Mathematical Society at the meeting of April 
28, 1900. 

t Compt. Bend., Vol. 51, pp. 909, 910 (1860). Proofs of these theorems were first pub- 
lished by Brisse, Jour, de Math. Series 2, Vol. 19, pp. 253-258 (1874). 

%Math. Annalen, Vol. 39, pp. 441-566 (1891). 

§ Leipziger Serichte, Vol. 42, p. 76 (1890). 

|| I. c, p. 469. 
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2 GALE. 

Let us consider with Wiener* the effect of combining reflections in the 
lines t x and ^, the indices denoting the order in which the reflections are to take 
place. Three cases present themselves. 

1°. Let ty and t% be parallel. If any point P be reflected in t t and then in 
t % its final position P 1 is evidently such that the line PP' is equal both in mag- 
nitude and in direction to twice the perpendicular distance from £ x to t 2 . 
The product (^ t%) is then a translation. 

2°. Let <i and t % intersect. The points in their common perpendicular at 
the point of intersection are unchanged by the displacement (< x ^) , which is 
therefore a rotation. By starting from a point on t t and reflecting it in t if it 
is seen that the angle of the rotation is twice the angle from t x to t^. If t t is 
perpendicular to t % the product (< x <j) is a reflection in a line. 

3°. Let t x and t. 2 be skew lines. Let L be their common perpendicular 
cutting t x at a and let t' be a line through a parallel to t%. Then since a reflec- 
tion in a line is involutory 

(t 1 t 3 ) = (t 1 ft't i ) = (t 1 t') (t't 2 ) 

(t x t') is a rotation about L and (pt^) is a translation parallel to L. Hence 
the product (t t £ 2 ) is a screw displacement (iSchraubung) • If tf x is perpendicu- 
lar to t% the product is a semi-screw displacement (Umschraubung) i. e., a 
rotation through ir about a line combined with a translation parallel to that 
line. 

Conversely we at once deduce the following resolutions. 

Every translation may be effected in oo s ways by combining reflections in 
two lines ; these lines are parallel, the vector distance from the first to the 
second being equal to half the vector of the translation. 

Every rotation may be effected in oo 2 ways by combining reflections in two 
lines; the lines are perpendicular at the same point to the axis of the rotation, 
the angle between them being equal to half the angle of the rotation. For a 
reflection in a line the angle is 7r/2. 

Every screw displacement may be effected in oo 2 ways by combining reflec- 
tions in two lines; the lines are perpendicular to the axis of the displacement, 
the distance and angle between them being equal respectively to half the alti- 
tude (Schraubungshohe) and turn (Schraubungswinkel) of the displacement. 
For a semi-screw displacement the angle is ir/2. 

In any displacement space is regarded as rigid and hence a displacement 

* Leipziger Berichte, Vol. 42, pp. 16-20. 



WIENER'S THEORY OF DISPLACEMENTS. 3 

is determined by the initial and final positions of any triangle. This affords 
a simple proof of Wiener's fundamental theorem : 

Every displacement in space may be effected by combining two reflections 
in lines.* 

Consider two congruent triangles in any relative positions. If they 
be so situated in a plane that they may be brought into coincidence by a dis- 
placement in the plane then they may be brought into coincidence either by a 
rotation (or a reflection in a line) about a line perpendicular to their plane or 
by a translation parallel to it. In these cases the theorem follows at once from 
the resolutions given above. 

Whatever be the positions of the two triangles they may be readily 
brought into the positions just considered. When the planes of the triangles 
intersect this may be accomplished by rotating one about the line of intersec- 
tion ; when the planes of the triangles are parallel or coincident it may be ac- 
complished either by a translation perpendicular to the planes, or by a reflection 
in a line parallel to the planes and half way between them.f A displacement 
in a plane will now bring the two triangles into coincidence. It only remains 
to show that the product of two rotations, either or both of which may de- 
generate into a reflection in a line or into a translation, is always equivalent 
to the product of two reflections in lines. Let (i?i) and ( 2 ) be the two 
rotations and let t' be the common perpendicular to the axes i2 x and i? 2 . 
We may choose the lines t x and ^ so that 

(i?i)=(M') and (B 2 ) = (t't i ) 
and hence (B 1 22 2 ) = (t x t' t! ^) = (t x < 2 ) . 

The product of the two rotations is thus replaced by the product of two re- 
flections in lines. The reasoning requires no modification if one or both of 
the rotations degenerate into reflections in lines. If (i? x ) be a translation we 
may take for t' any line meeting M 2 and perpendicular to it, and in a plane 
perpendicular to the direction of the translation (i?i) . If both (i^) and 
(i? 2 ) be translations we may take for t' any line perpendicular to the direc- 
tions of (Bi) and (i? 2 ). 

An immediate result of this theorem is that the most general displacement 
is a screw displacement, for this is the most general effect of combining two 

* l. c. p. 76. The proof given here is due to Professor P. F. Smith. 
fThis covers the case of symmetrical triangles in a plane. 
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reflections in lines. If this well-known result be presupposed Wiener's fun- 
damental theorem requires no proof other than the resolution which precedes 
it ; the beauty of Wiener's work, however, is that it serves so admirably as 
an introduction to the subject. We indicate in passing two other important 
elementary results of the theory as thus far developed. The method just em- 
ployed in considering the product of two rotations lends itself with equal 
readiness to the construction of the displacement which is the product of two 
screw displacements.* The displacements involved in the preceding proof 
can be readily constructed and replaced by two reflections in lines when the 
relative positions of the triangles are given ; by combining the two reflections 
in lines we obtain the displacement which transforms a given triangle into a 
given congruent triangle, t 

2. An Application of Wiener's Methods. By means of Wiener's 
fundamental theorem we shall in different ways resolve any displacement into 
the product of two transformations such that all the points of an arbitrarily 
chosen line or plane shall be invariant with respect to the first transformation. 
The theorems given by Chasles will follow immediately from the properties of 
the second transformation. 

The following resolutions are such that the points of an arbitrary line are 
invariant with respect to the first displacement. 

A straight line R being given, every displacement in space may be resolved 
into a rotation about R followed by a semi-screw displacement. % 

We may resolve any displacement ( T) into the product (^ 4) of reflec- 
tions in lines so that the line t x shall be perpendicular to R. Let t' be a line 
perpendicular to R at its intersection with t x and also perpendicular to t 2 . 
Then 

(T) = (<! k) = (<! t< t' t,) = ((,(') (t> t,), 

(li t') is a rotation about R and (t! t 2 ) is a semi-screw displacement whose axis 
is the common perpendicular to t' and t 2 . 

A straight line R being given, every displacement in space may be re- 
solved into a rotation about R followed by a second rotation {or by a transla- 
tion) . § 

*Wiener, I. c. p. 21 and note p. 83. Halphen, JVouv. Ami. de Math., Series 3, Vol. 1, 
p. 296 (1882). Burnside, Messenger of Math., Vol. 19, p. 104 (1889;. 
tC/. Wiener, I. c, p. 77. 
J This theorem is due to Study; I. c, p. 465. 
§ This theorra is due to Chasles; Gompt. Rend. Vol. 52, p. 79 (1861). 
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Resolving ( T) as above let now t' be perpendicular to li at its intersec- 
tion with <2 and let f also intersect t % (if t. 2 is perpendicular to It let f be par- 
allel to <«j.) Then 

(T) = (t l t i ) = (i 1 l'ft 2 )=(t 1 f) (ft,), 

(t x t') is a rotation about 11 and (?' / 2 ) is a rotation about the common perpen- 
dicular to f and < 2 at their point of intersection (or a translation through twice 
the vector distance from f to t 2 ) . 

In these resolutions the axis of the first displacement is arbitrary and 
hence every displacement of a ri'jht line may be effected in either one of two 
ways: 1° by a semi-screw displacement; 2° by a rotation (or translation). 
Two of the theorems of Chasles follow at once. 

Theorem I. If a line be displaced the middle points of the chords join- 
ing congruent points lie on a line or are identical. 

These points will lie on the axis of the semi-screw displacement by which 
the displacement may be effected, and they will be identical if that axis is per- 
pendicular to the given line. 

Theorem II. If a line be displaced the planes perpendicular to the chords 
joining congruent points at their middle points 2>ass (Jirough a line (or are 
parallel) or 1 are identical. 

The planes in question will pass through the axis of the rotation by which 
the displacement may be effected. They will coincide if the axis of the ro- 
tation and the given line are co-planar. (If the displacement be a translation 
the planes will be parallel, or identical if the direction of the translation is 
perpendicular to the given line.) 

To obtain the corresponding theorems relating to plane figures we seek 
to resolve a displacement into the product of two transformations such that 
the points of an arbitrary plane shall be invariant with respect to the first 
transformation. A simple transformation other than the identical transforma- 
tion which will leave the points of an arbitrary plane invariant is a reflection 
in that plane. If we reflect any given configuration in any plane the trans- 
formed configuration may be transformed by a general symmetry transforma- 
tion into any configuration congruent to the given configuration. Hence, 

A plane s being given, every displacement in space may be effected by a 
reflection in s followed by a symmetry transformation* 

* This theorem is due to Study; I. c, p. 497. 
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If we take s as the plane of a given plane figure we see that every displace- 
ment of a plane figure can be effected by a symmetry transformation. It is 
now necessary to study the properties of a symmetry transformation. 

The methods employed in the investigation of the product of two reflec- 
tions in lines show that the effect of combining two reflections in the planes 
«i and *j is : 

1° A rotation when s x and s t intersect. 

2° A reflection in a line when s l and s % are perpendicular. 

3° A translation when s l and s 2 are parallel. 

"We see also that the product of a reflection in a plane and a reflection in 
a line perpendicular to the plane, in either order, is a reflection in their point 
of intersection. Conversely, we deduce corresponding resolutions. 

"Wiener's theorem now enables us to resolve any displacement ( T) into 
the product of two transformations of which the first is a reflection in an ar- 
bitrary plane s ; we thus obtain a form of the general symmetry transforma- 
tion by means of which we can study its properties. Two cases arise. 

1° If (T) be a translation or if the axis of (T) cuts the plane * then 
we may replace (T) by reflections in two lines £ x and ^ such that t t shall lie 
in a. "We may now replace (fa) by a reflection in s followed by a reflection 
in a plane s 1 which passes through t v and is perpendicular to s. The sym- 
metry transformation consists of the product (Sj ^) . 

2° If the axis of (T) is parallel to s then t t may be chosen perpendicu- 
lar to s at 0. Since a reflection in a plane is involutory 

(T) = (*, t 2 ) = (s sh tt) = («) (*„ t>) , 

where (<<>) denotes a reflection in the point O. We may replace (to) by a 
reflection in a line t' passing through O perpendicular to t% preceded by a 
reflection in a plane s' passing through O perpendicular to t 1 . Then 

(t t i ) = (s>t>t i )=(s't») 1 

where (t") is a reflection in the cpmmon perpendicular to t' and t t at their point 
of intersection. Here the symmetrv transformation consists of the product 
(s'f). Hence, 

Every symmetry transformation may be effected by a reflection in a plane 
followed by a reflection in a line. 

Let (s) be the reflection in a plane and (t) the reflection in a line of 
any symmetry transformation, (t) may be replaced by the product of two 
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reflections (si* 4 ) in perpendicular planes such that the plane s t is perpendicu- 
lar to s. The product (««i) is a rotation about an axis perpendicular to s t 
or a translation parallel to * 2 according as the planes s and s l intersect or are 
parallel ; the latter may be regarded as a special case of the former. Hence 

Every symmetry transformation may be effected by combining in either 
order a reflection in a plane and a rotation about an axis perpendicular to the 
plane of the reflection.* 

The plane of the reflection is called the central plane, its intersection with 
the axis of the rotation the centre of the transformation . From the last theorem 
we see at once that 

In every symmetry transformation the middle points of the chords joining 
corresponding points lie in the central plane (and coincide with the centre if the 
angle of the rotation be tr) ; the planes perpendicular to those chords at their 
middle points pass through the centre of the transformation (and coincide with 
the central plane if the angle of the rotation be zero). 

If a plane figure be transformed by a symmetry transformation it is evi- 
dent that the points in question will lie on a line if the plane of the" figure is 
perpendicular to the central plane and if the rotation reduces to a translation 
parallel to the given plane. The planes perpendicular to the chords will pass 
through the axis of the rotation if the plane of the figure coincides with the 
central plane. 

Since any displacement of a plane figure can be effected by a symmetry 
transformation the -remaining theorems of Chasles under consideration are now 
evident. 

Theorem III. If a plane figure be displaced the middle points of the 
chords joining congruent points lie in a plane, on a line or coincide. 

Theorem IV. If a plane figure be displaced the planes perpendicular to 
the chords joining congruent points at their middle points pass through a point, 
a line or coincide. 

New Haven, Conn., April, 1900. 

* Study ascribes this theorem to Hessel; the preceding theorem Is due to Study; I. c. 
pp. 487, 565, and 493. 



